Absblet. The semiclassical scattering amplitude is directly derived from the quantum mechanical S-matrix in the momentum representation. No information about the asymptotic form of the scattering wavefunction is required, which is particularly important for Coulomb problems. We apply the formalism to the scattering of two identical Coulomb particles and prove analytically that the semiclassical result is exact. It does not depend on a particular representation. However, its exactness can be attributed to the existence of a representation in which the quantum and'the semiclassical propagator are identical.
Inbodudloo
The classical 'Rutherford formula', describing the differential cross section for the scattering of two Werent charged particles, is one of the few classical results which remain unchanged in quantum mechanics. However, the scattering of identical particles, known as 'Mott scattering'? leads to interference effects such that the cross section is no longer independent of the quantum mechanical phase, associated with the scattering amplitude.
We will show that the correct phase, and hence the Mott cross section, can be obtained semiclassically by calculating the action along a classical scattering path. Thus only two classical quantities are required, the classical cross section and the action integral, to get the correct quantum mechanical scattering amplitude. This follows from a standard semiclassical scattering theory, originally formulated by Pechukas (1969) and developed extensively by Miller (1974) , and it does not depend on the representation. This is not obvious for several reasons: (i) It is not clear whether the standard semiclassical scattering formulation applies to the long range Coulomb forces, since Pechukas' formulation relies on the asymptotic form of the (quantum mechanical) scattering wavefunction in the coordinate representation. To clarify this point, we will 1388 to analytic continuation techniques involving complex paths to calculate the scattering wavefunction and a 'spectral operator' which is related to the Green function.
From this perspective it comes as a pleasant surprise that Mott scattering is described exactly by the standard semiclassical approach with ordmary classical input. Following the general spirit of semiclassical theory which is based on the properties of the semiclassical Van Vleck-Gutzwiller propagator, we will explain the exactness of the semiclassical Mott scattering by the existence of a representation where the propagator has only harmonic interaction. In this 'coherent state' representation, the quantum and the semiclassical propagator are identical. Beyond the aspects of the two-body Coulomb problem, the present work points the way to free theory from the tyranny of delicate questions conceming the asymptotic form of Coulomb wavefunctions in more complicated (e.g. three-body final states) situations.
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The semiclassical S-matrix formulation for the scattering amplitude
We give a direct derivation of Rutherford and Mott scattering in the momentum representation, starting from the quantum mechanical relation between the S-matrix and the scattering amplitude for potential scattering (Taylor 1972 ):
An initially free particle with momentum Ip') undergoes a scattering under the influence of the potential and emerges at a different angle with the final momentum Ip). The Sfunction ensures that energy is conserved during the process, and m specifies the reduced mass of the two-body system. The energy conservation can be expressed as a l i t for infinite time:
where p = I pt. The exponential in (2) is a pure phase. Its multiplication with S does not alter the cross section, but only alters the phase convention for the scattering amplitude. Hence we can write (1) with the help of (2) as
where S has been expressed in terms of the propagator exp{-iHt/R}. Equation (3) is still exact and we now introduce the semiclassical approximation, replacing the exact propagator in the momentum representation by a sum over all classical trajectories and associated phases, connecting p with p' in time t :
(4) ap ap* The sum carries a prime to indicate that the unscattered trajectory is not included. S=E, (r".dp"-If) dt is the action along a trajectory. The matrix of its mixed second derivatives provides information about the neighbourhood of the calculated trajectory and hence about its probability relative to all classical paths in phase space. It enters (4) as the absolute value of its determinant. Finally, the caustics along a trajectory determine the so-called 'Maslov phase', vn/2 (Maslov and Feodoriuk 1981) . It is the multidimensional generalization of the phase jump which is caused by a classical turning point in I D problems and is well known from the WKB theory.
In general, the semiclassical propagator has the intuitive form (see for instance Heller 199 1 ) [class. probability]'/* exp{i[phase]}.
( 5 )
For a scattering situation, ( 5 ) shows that the van Vleck determinant is closely connected to a classical differential cross section
The exact relation can be established using (3). With the determinant written as the semiclassical scattering amplitude of (3) takes the form One can also formulate the scattering amplitude without explicit time dependence. Since all quantities in (8) are classical,
is true along any trajectory. Applying (9) to both the factor p outside as well as to p in the determinant of (S), yields where r = I XI. The form (10) of the scattering amplitude was derived by Pechukas (1969).
To complete the connection with the scattering cross section, we must choose the appropriate coordinates. We assume that the particle is initially at a point with Cartesian coordinates x ' = ( i , f, z'), where z'cc0 andp'=pi. The final point of the trajectories is described in spherical coordinates r = (r sin 0 cos p, r sin 0 sin p, r cos 0) with p =pi, so that (0, p) are the scattering angles. Note that the formulation does not rely on a spherically symmetric potential. Then, where lax/arl-'=? sin 0 is the determinant of the Jacobian for the transformation between Cartesian and spherical coordinates and
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In the scattering situation for t-CO, changing the starting point along the trajectory dz' wiU not affect the scattering angle and will only cause a shift dr along the trajectory at the final point. Hence, ar/az'%l while aO/a~'map/ai%O and we arrive at where dR=sinO dO dq5. Combining (IO) and (13), we see that the contributjon of an individual trajectory to the semiclassical scattering amplitude is indeed of the form
Coulomb potentials, despite their long tail, since no asymptotic wavefunction or some equivalent is necessary to determine the scattering amplitude.
In general many classical paths can contribute to a differential cross section. If there is one pair of trajectories among them with the same starting and ending points in momentum and time and with a difference of action less than fi, the semiclassical description fails. Examples are the classical rainbow and glory effects (Ford and Wheeler 1959) .
The semiclassical scattering amplitude of the Coulomb potential
The Coulomb problem with the Hamiltonian pz zez 2m r h=-+-has the special property that only a single trajectory contributes to each scattering angle. Hence, the classical (and semiclassical) cross section is given by the Rutherford formula
However, in the case of scattering between identical particles, there are two paths, which become experimentally indistinguishable (see figure I ), and the cross section is then given by where the sum refers to bosons and the difference to fermions. Semiclassically, it is now necessary to evaluate the action integral of (1 1). The limit for infinite time is equivalently where p , = S E , indicating that the influence of the potential is negligible long before and after the collision. Although a little tedious, the result for 9 is analytic, and can be found (apart from a misprinted factor 2) in Gutzwiller (1990, p 182) where Z=ZgZ, is the product of the particle charges in units of the electron charge e. Equation ( result from the 'rainbow' effect of two (or more) roots coalescing. The fact that there can be only one root in the Coulomb problem thus bodes well for the accuracy of the semiclassical result, but it does not explain why it is exact (or indeed why the classical formula is exact for Rutherford scattering).
The exactness is connected with the existence of a representation which transforms the Coulomb problem, quantum mechanically as well as classically, into two uncoupled harmonic oscillators. Quantum mechanically, this representation is well known from the exact decomposition of the dynamical 0, group for hydrogen into SU, x SU2 for fixed energy. Classically the procedure of regularizing the equations of motion (to account for the Coulomb singularity), developed for planetarymotion in celestial mechanics, leads to a result corresponding to the quantum S U Z x SUI problem.
Next we briefly describe the regularization. It is necessary to handle Coulomb trajectories numerically, in particular for low angular momentum. Much more interesting, however, regularization provides one way to show why the two-body Coulomb scattering problem is semiclassically exact.
Scattering in regularized coordinates
The regularization is a canonical transformation which consists of a coordinate transformation in extended phase space and a change in time scale, so that the singularities in Hamilton's equations due to two-particle collisions are removed (Kustaanheimo and Stiefel 1965) . The phase space is extended by one Cartesian degree of freedom to describe the motion of the two two-dimensional oscillators which are the natural representation of the SU, x SU, dynamical group. The coordinate transformation from the four cartesian coordinates to the regularizing coordinates reads Note that the existence of (27) does not follow automatically from the classical Hamiltonian (26) by applying the correspondence principle to translate the variables P and X into operators. Coordinate transformations alter in general the form of the kinetic energy operator and destroy the simple correspondence of p+-iiid/dx in Cartesian coordinates. However, the relation is preserved for the special case of the transformation (22), which can be seen comparing (26) with (27) . Formally, the charge Z a plays the role of the energy in the eigenvalue problem of (27). This does not lead to any difficulties, since through inherent scaling properties, (27) depends only upon the quotient Z&i/ M E . It is also clear from (27) , that the Coulomb problem can be semiclassically quantized with the correct energy levels, since the semiclassical quantization of an oscillator is exact.
Recall that our goal is to understand why the semiclassical scattering amplitude is exact. We have to find a propagator whose quantum and semiclassical versions are identical. The quantum propagator, which can be constructed from (27), going back to the time-dependent picture, has this property. However, it is not the propagator for the real time variable f, but a 'pseudo' propagator in a pseudo time variable r , The scattering process is perfectly well described by the pseudo propagator. In fact, aside from the natural choice, the real time t, any variable, which parametrizes the propagation of the system, can describe the collision. The pseudo time t Serves this purpose, taking the system from the initial asymptotic configuration through the collision to the asymptotic final state.
Since (27) contains only harmonic interactions, the pseudo propagator remains semiclussically exact. Constructing the semiclassical pseudo propagator from its quantum version based on (27) amounts to using the regularized classical Hamiltonian (26). The (analytic) result for the cross section is the same as summarized in the equations (l5)- (20). Regularized coordinates emerge from the original representation in Cartesian coordinates through a canonical transformation. Only canonically invariant classical quantities, the classical cross section and the action, enter the semiclassical scattering amplitude. Hence, it is clear even without calculation, that the scattering amplitude is identical in both representations. However, the existence of the regularized representation, or in other terms, of the harmonic pseudo propagator, explains, why the classical amplitude (Rutherford scattering) and the semiclassical phase (Mott scattering) are exact using standard semiclassical scattering theory of the form (8) and (IO). From a quantum mechanical perspective, the representation is a coherent state representation. Quantum problems for which a coherent state representation exists arealways semiclassically exactly solvable.
Finally, we would like to comment on the fact that the partial wave phaseshifts derived semiclassically within the WKB theory are not exact for the Coulomb potential. This can be attributed to the semiclassical quantization of the angular momentum, which destroys the canonical link between the coherent state representation and any other representation (here the spherical coordinate representation). It is not the use of spherical coordinates itself which prohibits semiclassically exact shifts, but the semiclassical quantization of the angular momentum. In fact, one can calculate the action (17) in spherical coordinates using the conservation of the angular momentum and express in the end the angular momentum through the scattering angle:
This leads to the correct action, which is again expected, since the spherical and the Cartesian representation are liked by a canonical transformation. It might still be possible to obtain the exact partial wave phaseshifts semiclassically, if the Langer modification is applied (Ezra 1993), or equivalently, if the Lagrangian in the short time propagator is modified properly according to the curved coordinates (Gutzwiller 1990) . However, this issue lies beyond the scope of the present work.
In summary we have formulated the semiclassical scattering theory in the momentum representation with emphasis on the Coulomb interaction. No explicit reference to boundary conditions is necessary, which makes the approach particularly appealing for multiple fragmentation of Coulomb particles.
With the simple two-body Coulomb scattering problem as an illustration, we have shown analytically, that the semiclassical scattering amplitude is exact. It is well known that classical and quantum Rutherford scattering crosssections for distinguishable particles are identical. This fact goes hand in glove with the existence of but one classical impact parameter for every final scattering angle, since the interference of two or more would lead to quantum oscillations. Moreover it follows that the semiclassical prediction for the cross section is exact, since classical and semiclassical probabilities are the same if there is only one root (the phase is then irrelevant).
However scattering of identical Coulomb particles (Mott scattering) introduces new features and potentially new dangers for the semiclassical predictions. Certainly, the purely classical result is no longer correct, even if we put in 'classical exchange' by symmetrizing the cross section about n/2. There are no oscillations in the classical cross section. With the appearance of two terms in (16), the formerly irrelevant semiclassical phase becomes important and induces oscillations. Our results show this phase is semiclassically exact. The existence of the harmonic pseudo propagator explains why the semiclassical approach yields the quantum result.
